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5.2&3 Mathematical Induction

In this lecture:
q Part 1: What is Mathema;cal Induc;on
q Part 2: Induc.on as a Method of Proof/Thinking
q Part 3: Proving sum of integers and geometric sequences 
q Part 4: Proving a Divisibility Property and Inequality
q Part 5: Proving a Property of a Sequence 
q Part 6: Induc.on Versus Deduc.on Thinking
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Mathematical induction is one of the more recently developed
methods of proof in mathematics.
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Principle of Mathematical Induction

Let P(n) be a property that is defined for integers n, and let a be a fixed integer.
Suppose the following two statements are true:

1. P(a) is true.

2. For all integers k ≥ a, if P(k) is true then P(k + 1) is true.

Then the statement
for all integers n ≥ a, P(n)

is true.

The first known use of mathematical induction occurs in the work of the Italian sci-
entist Francesco Maurolico in 1575. In the seventeenth century both Pierre de Fermat
and Blaise Pascal used the technique, Fermat calling it the “method of infinite descent.”
In 1883 Augustus De Morgan (best known for De Morgan’s laws) described the process
carefully and gave it the name mathematical induction.

To visualize the idea of mathematical induction, imagine an infinite collection of
dominoes positioned one behind the other in such a way that if any given domino falls
backward, it makes the one behind it fall backward also. (See Figure 5.2.3) Then imagine
that the first domino falls backward. What happens? . . . They all fall down!
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Figure 5.2.3 If the kth domino falls backward, it pushes the (k + 1)st domino backward also.

To see the connection between this image and the principle of mathematical induction,
let P(n) be the sentence “The nth domino falls backward.” It is given that for each k ≥ 1,
if P(k) is true (the kth domino falls backward), then P(k + 1) is also true (the (k + 1)st
domino falls backward). It is also given that P(1) is true (the first domino falls backward).
Thus by the principle of mathematical induction, P(n) (the nth domino falls backward)
is true for every integer n ≥ 1.
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The idea:
If the kth domino falls backward, 
it pushes the (k+1)st domino 
backward.

What is Mathematical Induction
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Principle of Mathematical Induction 
Let P(n) be a property that is defined for integers n, and let a be a fixed 
integer. Suppose the following two statements are true: 

1. P(a) is true.
2. For all integers k ≥ a, if P(k) is true then P(k + 1) is true

Then the statement for all integers n ≥ a, P(n) is true. 

What is Mathematical Induction
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Example:  how to know whether this P(n) can be true? 
P(n): For all integers n ≥ 8, n cents can be obtained using

3¢ and 5¢ coins. 
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Even more formally:

For all integers n ≥ 8, P(n) is true, where P(n) is the sentence
“n cents can be obtained using 3c/ and 5c/ coins.”

You could check that P(n) is true for a few particular values of n, as is done in the table
below.

Number of Cents How to Obtain It

8c/ 3c/ + 5c/

9c/ 3c/ + 3c/ + 3c/

10c/ 5c/ + 5c/

11c/ 3c/ + 3c/ + 5c/

12c/ 3c/ + 3c/ + 3c/ + 3c/

13c/ 3c/ + 5c/ + 5c/

14c/ 3c/ + 3c/ + 3c/ + 5c/

15c/ 5c/ + 5c/ + 5c/

16c/ 3c/ + 3c/ + 5c/ + 5c/

17c/ 3c/ + 3c/ + 3c/ + 3c/ + 5c/

The cases shown in the table provide inductive evidence to support the claim that
P(n) is true for general n. Indeed, P(n) is true for all n ≥ 8 if, and only if, it is possible
to continue filling in the table for arbitrarily large values of n.

The kth line of the table gives information about how to obtain kc/ using 3c/ and 5c/
coins. To continue the table to the next row, directions must be given for how to obtain
(k + 1)c/ using 3c/ and 5c/ coins. The secret is to observe first that if kc/ can be obtained
using at least one 5c/ coin, then (k + 1)c/ can be obtained by replacing the 5c/ coin by two
3c/ coins, as shown in Figure 5.2.1.

k¢ (k + 1)¢

3¢ 3¢5¢

Replace a 5¢ coin by
two 3¢ coins.

Remove Add

Figure 5.2.1

If, on the other hand, kc/ is obtained without using a 5c/ coin, then 3c/ coins are used
exclusively. And since the total is at least 8c/, three or more 3c/ coins must be included.
Three of the 3c/ coins can be replaced by two 5c/ coins to obtain a total of (k + 1)c/, as
shown in Figure 5.2.2.

The structure of the argument above can be summarized as follows: To show that
P(n) is true for all integers n ≥ 8, (1) show that P(8) is true, and (2) show that the truth
of P(k + 1) follows necessarily from the truth of P(k) for each k ≥ 8.

Any argument of this form is an argument by mathematical induction. In general,
mathematical induction is a method for proving that a property defined for integers n is
true for all values of n that are greater than or equal to some initial integer.
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For all integers n ≥ 8, P(n) is true,
where P(n) is the sentence “n cents 
can be obtained using 3¢ and 5¢ 
coins.”

Then we need to prove that P(n+1) is 
also true 

What is Mathematical Induction
Example

How to know whether this P(n) can be true? 
P(n): For all integers n ≥ 8, n cents can be obtained using

3¢ and 5¢ coins. 
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In this lecture:
q Part 1: What is Mathematical Induction
qPart 2: Induction as a Method of Proof/Thinking
q Part 3: Proving sum of integers and geometric sequences 
q Part 4: Proving a Divisibility Property and Inequality
q Part 5: Proving a Property of a Sequence 
q Part 6: Induction Versus Deduction Thinking
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Method of Proof by Mathematical Induction 
Consider a statement of the form, “For all integers n ≥ a, a property P(n) is true.” 
To prove such a statement, perform the following two steps:
Step 1 (basis step): Show that P(a) is true. 
Step 2 (inductive step): Show that for all integers k ≥ a, if P(k) is true then 

P(k + 1) is true. To perform this step, 
Suppose that P(k) is true, where k is any particular but arbitrarily chosen

integer with k ≥ a.
[This supposition is called the inductive hypothesis.] 

Then 
show that P(k + 1) is true. 

Proving a statement by mathematical induction is a two-step process. 
The first step is called the basis step, and the second step is called the 
inductive step.

Mathematical Induction as a Method of Proof 
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Mathematical Induction as a Method of Proof 
Example

How to know whether this statement can be true?
For all integers n ≥ 8, n cents can be obtained using 3¢ and 5¢ coins. 

Show for all integers k ≥ 8, if P(k) is true then P(k+1) is true: 

Case 1 (There is a 5¢ coin among those used to make up the k¢):
replace the 5¢ coin by two 3¢ coins; the result will be (k + 1)¢. 

Case 2 (There is not a 5¢ coin among those used to make up the k ¢): 

Let the property P(n) be the sentence: n¢ can be obtained using 3¢ and 5¢ coins. ← P(n)

P(8) is true as 8¢ obtained by one 3¢ and one 5¢
Step 2(inductive step):

Step 1 (basis step):Show P(8) is true: 

[Suppose that P(k) is true for a particular but arbitrarily chosen integer k ≥ 8. That is:] 
Suppose k is any integer k ≥ 8, k¢ obtained by 3¢ and 5¢ . ← P(k) inductive hypothesis 

[We must show that P(k + 1) is true. That is:] We must show that
(k + 1) ¢ can be obtained using 3¢ and 5¢ coins. ← P(k + 1) 

because k ≥ 8, at least three 3¢ must have been used. So remove 
three 3¢ and replace them by two 5¢; the result will be (k + 1)¢. 

Thus in either case (k + 1)¢ can be obtained using 3¢ and 5¢ [as was to be shown]. 
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5.2&3 Mathematical Induction

In this lecture:
q Part 1: What is Mathematical Induction
qPart 2 : Induction as a Method of Proof/Thinking
q Part 3: Proving Sum of Integers and Geometric Sequences 
q Part 4: Proving a Divisibility Property and Inequality
q Part 5: Proving a Property of a Sequence 
q Part 6: Induction Versus Deduction Thinking
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Who can sum all numbers from 1 to 100?

5.2 Mathematical Induction I 251

The story is told that one of the greatest mathematicians of all time, Carl Friedrich
Gauss (1777–1855), was given the problem of adding the numbers from 1 to 100 by his
teacher when he was a young child. The teacher had asked his students to compute the
sum, supposedly to gain himself some time to grade papers. But after just a few moments,
Gauss produced the correct answer. Needless to say, the teacher was dumbfounded. How
could young Gauss have calculated the quantity so rapidly? In his later years, Gauss
explained that he had imagined the numbers paired according to the following schema.

1 2 3 . . . . . . 50 51 . . . . . . 98 99 100

→ →

sum is 101

→ →

sum is 101

→ →

sum is 101

→ →

sum is 101

The sum of the numbers in each pair is 101, and there are 50 pairs in all; hence the total
sum is 50 ·101 = 5,050.

• Definition Closed Form

If a sum with a variable number of terms is shown to be equal to a formula that does
not contain either an ellipsis or a summation symbol, we say that it is written in
closed form.

For example, writing 1 + 2 + 3 + · · · + n = n(n + 1)

2
expresses the sum 1 + 2 +

3 + · · · + n in closed form.

Example 5.2.2 Applying the Formula for the Sum of the First n Integers

a. Evaluate 2 + 4 + 6 + · · · + 500.

b. Evaluate 5 + 6 + 7 + 8 + · · · + 50.

c. For an integer h ≥ 2, write 1 + 2 + 3 + · · · + (h − 1) in closed form.

Solution

a. 2 + 4 + 6 + · · · + 500 = 2 ·(1 + 2 + 3 + · · · + 250)

= 2 ·
(

250 ·251
2

)
by applying the formula for the sum
of the first n integers with n = 250

= 62,750.

b. 5 + 6 + 7 + 8 + · · · + 50 = (1 + 2 + 3 + · · · + 50)− (1 + 2 + 3 + 4)

= 50 ·51
2

− 10 by applying the formula for the sum
of the first n integers with n = 50

= 1,265

c. 1 + 2 + 3 + · · · + (h − 1) = (h − 1) · [(h − 1) + 1]
2

by applying the formula for the sum
of the first n integers with
n = h − 1

= (h − 1) ·h
2

since (h − 1) + 1 = h. ■
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Sum of the First n Integers

1    2     3  .   .  .   .  .   .  50      51  .  .  .   .   .   .  98     99     100 

1 + 2 + 3 + … + n = n (n + 1)
2
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Same Question: Prove that these programs prints the same results in case n ≥ 1
For (i=1, i≤n; i++)

S=S+i;
Print (“%d”, S);

S=(n(n+1))/2
Print (“%d”,S);

Proving that both programs produce the same results is like proving that:
← P(n) 

P(1): 1  =  1(1+1)/2 = Thus P(1) is true Show that P(1) is true.Basis Step:
Inductive Step: Show that for all integers k ≥ 1, if P(k) is true then P(k + 1) is also true: 

Suppose:  1+2+3+…+k = k(k+1) is true
2

← P(k) inductive hypothesis

P(k+1) = 1+2+…+k + (k+1) = (k+1)(k+2)
2

← P(k+1)

Theorem 5.2.2 Sum of the First n Integers 

For all integers n ≥ 1, 1 + 2 + 3 + … + n = n (n + 1)
2

1 + 2 + 3 + … + n = n (n + 1)
2

= k(k + 1) + (k+1)
2

= P(k) + (k+1) 

= k(k + 1) + 2(k+1)
2               2

= k2 + k + 2(k+1) = k2 + 3k + 2
2             2                       2

= (k + 1) (k + 2)
2

Sa
m

e

Proofing by Mathematical Induction
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Examples of Sums

Evaluate 2 + 4 + 6 + ··· + 500.

Evaluate 5 + 6 + 7 + 8 + ··· + 50.

For an integer h ≥ 2, write 1 + 2 + 3 + ··· + (h−1) in closed form.
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5.2 Mathematical Induction I 253

k+1∑

i=0

r i = r (k+1)+1 − 1
r − 1

,

or, equivalently,

k+1∑

i=0

r i = rk+2 − 1
r − 1

· ← to show (P(k + 1))

In the inductive step for this proof we use another common technique for showing
that an equation is true: We start with the left-hand side and transform it step-by-step
into the right-hand side using the inductive hypothesis together with algebra and other
known facts.

Theorem 5.2.3 Sum of a Geometric Sequence

For any real number r except 1, and any integer n ≥ 0,
n∑

i=0

r i = rn+1 − 1
r − 1

.

Proof (by mathematical induction):

Suppose r is a particular but arbitrarily chosen real number that is not equal to 1,
and let the property P(n) be the equation

n∑

i = 0

r i = r i+1 − 1
r − 1

← P(n)

We must show that P(n) is true for all integers n ≥ 0. We do this by mathematical
induction on n.

Show that P(0) is true:

To establish P(0), we must show that

0∑

i = 0

r i = r0 + 1 − 1
r − 1

← P(0)

The left-hand side of this equation is r0 = 1 and the right-hand side is

r0 + 1 − 1
r − 1

= r − 1
r − 1

= 1

also because r1 = r and r ̸= 1. Hence P(0) is true.

Show that for all integers k ≥ 0, if P(k) is true then P(k + 1) is also true:
[Suppose that P(k) is true for a particular but arbitrarily chosen integer k ≥ 0. That is:]
Let k be any integer with k ≥ 0, and suppose that

k∑

i = 0

r i = rk + 1 − 1
r − 1

← P(k)

inductive hypothesis

continued on page 254
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[We must show that P(k + 1) is true. That is:] We must show that
k+1∑

i= 0

r i = r (k + 1)+ 1 − 1
r − 1

,

or, equivalently, that

k + 1∑

i = 0

r i = rk + 2 − 1
r − 1

. ← P(k + 1)

[We will show that the left-hand side of P(k + 1) equals the right-hand side.]
The left-hand side of P(k + 1) is

k+1∑

i= 0

r i =
k∑

i= 0

r i + rk+1 by writing the (k + 1)st term
separately from the first k terms

= rk+1 − 1
r − 1

+ rk+1 by substitution from the
inductive hypothesis

= rk+1 − 1
r − 1

+ rk+1(r − 1)

r − 1

by multiplying the numerator and denominator
of the second term by (r − 1) to obtain a
common denominator

= (rk+1 − 1) + rk+1(r − 1)

r − 1
by adding fractions

= rk+1 − 1 + rk+2 − rk+1

r − 1
by multiplying out and using the fact
that rk+1 ·r = rk+1 ·r1 = rk+2

= rk+2 − 1
r − 1

by canceling the rk+1’s.

which is the right-hand side of P(k + 1) [as was to be shown.]
[Since we have proved the basis step and the inductive step, we conclude that the theorem
is true.]

Proving an Equality
The proofs of the basis and inductive steps in Examples 5.2.1 and 5.2.3 illustrate two
different ways to show that an equation is true: (1) transforming the left-hand side and
the right-hand side independently until they are seen to be equal, and (2) transforming
one side of the equation until it is seen to be the same as the other side of the equation.

Sometimes people use a method that they believe proves equality but that is
actually invalid. For example, to prove the basis step for Theorem 5.2.3, they perform
the following steps:

!
Caution! Don’t do this!

0∑

i = 0

r i = r 0 + 1 − 1
r − 1

r 0 = r1 − 1
r − 1

1 = r − 1
r − 1

1 = 1

The problem with this method is that starting from a statement and deducing a true con-
clusion does not prove that the statement is true. A true conclusion can also be deduced
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r − 1

+ rk+1(r − 1)

r − 1

by multiplying the numerator and denominator
of the second term by (r − 1) to obtain a
common denominator

= (rk+1 − 1) + rk+1(r − 1)

r − 1
by adding fractions

= rk+1 − 1 + rk+2 − rk+1

r − 1
by multiplying out and using the fact
that rk+1 ·r = rk+1 ·r1 = rk+2

= rk+2 − 1
r − 1

by canceling the rk+1’s.

which is the right-hand side of P(k + 1) [as was to be shown.]
[Since we have proved the basis step and the inductive step, we conclude that the theorem
is true.]

Proving an Equality
The proofs of the basis and inductive steps in Examples 5.2.1 and 5.2.3 illustrate two
different ways to show that an equation is true: (1) transforming the left-hand side and
the right-hand side independently until they are seen to be equal, and (2) transforming
one side of the equation until it is seen to be the same as the other side of the equation.

Sometimes people use a method that they believe proves equality but that is
actually invalid. For example, to prove the basis step for Theorem 5.2.3, they perform
the following steps:

!
Caution! Don’t do this!

0∑

i = 0

r i = r 0 + 1 − 1
r − 1

r 0 = r1 − 1
r − 1

1 = r − 1
r − 1

1 = 1

The problem with this method is that starting from a statement and deducing a true con-
clusion does not prove that the statement is true. A true conclusion can also be deduced

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

Theorem 5.2.3 Sum of a Geometric Sequence 

For any real number r except 1, and any integer n ≥ 0,
n 
∑ ri =  rn+1 -1 
i=0              r -1

Proofing by Mathematical Induction
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Mathematics in Programming
Example : Finding the sum of a geometric series

int n, r, sum=0;
int i;
scanf("%d",&n);
scanf("%d",&r);

if(r != 1)  {
for(i=0 ; i<=n ; i++)  {

sum = sum + pow(r,i); 
}
printf("%d\n“, sum); 

}

int n, r, sum=0;
scanf("%d",&n);
scanf("%d",&r); 

if(r != 1) {
sum=((pow(r,n+1))-1)/(r-1); 
printf("%d\n", sum); 

}

Prove that these codes will return the same output.

This code is proposed by a student/Zaina!

16
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Examples of Sums of a Geometric Sequence

In each of (a) and (b) below, assume that m is an integer that is 
greater than or equal to 3. Write each of the sums in closed form.

(a)   1+3+32 +···+3m−2 

(b)   32 +33 +34 +···+3m
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5.2&3 Mathematical Induction

In this lecture:
q Part 1: What is Mathematical Induction
q Part 2 : Induction as a Method of Proof/Thinking
q Part 3: Proving Sum of Integers and Geometric Sequences 
q Part 4: Proving a Divisibility Property and Inequality
q Part 5: Proving a Property of a Sequence 
q Part 6: Induction Versus Deduction Thinking

Sequences & Mathematical Induction

Lecture Notes on Sequences & MathemaCcal InducCon.
Birzeit University, Palestine, 2015
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Basis Step:

Inductive Step:

← P(n) 3 |  22n− 1

P(0):  22.0 −1=20−1  = 1−1  =  0 as 3 | 0 ,    thus P(0) is true. 
Show that P(0) is true.

Show that for all integers k ≥ 0, if P(k) is true then P(k + 1) is also true: 

Suppose: 22k − 1 is divisible by 3. ← P(k) inductive hypothesis 

22k − 1 = 3r for some integer r. 
22(k+1)−1 is divisible by 3. ← P(k+1) 

22(k+1) − 1 = 22k + 2− 1
= 22k · 22 − 1 = 22k · 4  − 1
= 22k (3 + 1) − 1 = 22k · 3 + (22k −1) = 22k · 3 + 3r
= 3(22k + r ) Which is integer 

by the laws of exponents 

so, by definition of divisibility, 22(k+1) − 1 is divisible by 3

Proposition 5.3.1 

For all integers n ≥ 0,   22n − 1 is divisible by 3. 

Proofing by Mathematical Induction
Proving a Divisibility Property 
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int n;
scanf("%d",&n);

if(n >= 0) {
if( (pow(2,(2*n))  - 1) %3 == 0) \\ does 2^2n -1 | 3?? \\
printf("this property is true");

else
printf("this property isn't true");

}

What will the output of this program be for any input n?

Mathematics in Programming
Example : Proving Property of a Sequence

20
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int x, y;
scanf("%d %d", &x, &y);
if(x%2 == 0)

x=x+1;
if(pow(x, 2)%2 != 0)

prin<("White Shirt");
else

prin<("Black Shirt");

if((pow(7, y)-1)%6==0)
prin<("Black boot");

else
prin< ("White Boot");

What will this guy choose to wear today ?
( What is the output of the program)

By : Ziena

Mathematics in Programming
Example : Proving Property of a Sequence
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Let P(n) be             2n+1<2n

Basis Step:

Inductive Step:

P(3): 2.3+1 < 23 which is true.Show that P(3) is true.

Show that for all integers k ≥ 3, if P(k) is true then P(k + 1) is also true: 

Suppose:  2k +1<2k is true ← P(k) inductive hypothesis 

2(k+1) +1 < 2k+1 ← P(k+1) 

2k+3 = (2k+1) +2 by algebra

< 2k + 2k as 2k - 1 < 2k by the hypothesis
and because 2 < 2k     (k ≥ 2)

∴ 2k + 3 <   2 · 2k = 2k+1

[This is what we needed to show.]

Proposition 5.3.2 

For all integers n ≥ 3, 2n + 1 < 2n

Proving Inequality

Proofing by Mathematical Induction
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scanf(“%d”, &n);

If (n>=3)
{

If (2n+1 < pow (2,n))       // is 2n+1 < 2^n ?? //
printf (“true”);

Else
printf (“false”);

}

What will the output of this program be for any input n>=3 ?

Mathematics in Programming
Example : Proving Property of a Sequence
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5.2&3 Mathematical Induction
Sequences & Mathematical Induction

In this lecture:
q Part 1: What is Mathematical Induction
q Part 2 : Induction as a Method of Proof/Thinking
q Part 3: Proving Sum of Integers and Geometric Sequences 
q Part 4: Proving a Divisibility Property and Inequality 
q Part 5: Proving a Property of a Sequence 
q Part 6: Induction Versus Deduction Thinking

Lecture Notes on Sequences & Mathematical Induction.
Birzeit University, Palestine, 2015
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Proving a Property of a Sequence 
Example

Define a sequence a1, a2, a3 . . . as follows:
a1 =  2 
ak =  5ak-1 for all integers k ≥ 2. 

Write the first four terms of the sequence. 

a1 = 2
a2 = 5a2−1 = 5a1 = 5·2 = 10
a3 = 5a3−1 =5a2 = 5·10= 50 
a4 = 5a4−1 = 5a3 = 5·50 = 250

è The terms of the sequence satisfy the equation an= 2 · 5n-1
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Proving a Property of a Sequence 
Example

Prove this property: 
an = 2 ·5n-1 for all integers n ≥ 1

a1 = 2 · 51-1 = 2 · 50 =   2Basis Step:

Induc:ve Step:

Show that P(1) is true.

Show that for all integers k ≥ 1, if P(k) is true then P(k + 1) is also true:

Suppose: ak= 2·5k-1 ← P(k) inductive hypothesis 

ak+1 = 2 . 5k ← P(k+1) 

= 5a(k+1)-1 by definition of a1, a2, a3 . . .

= 5ak

= 5 . (2 . 5k-1)      by the hypothesis

= 2 . (5 . 5k-1)

= 2 . 5k

[This is what we needed to show.]

26
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5.2&3 Mathematical Induction
Sequences & Mathema9cal Induc9on

In this lecture:
q Part 1: What is Mathematical Induction
q Part 2 : Induction as a Method of Proof/Thinking
q Part 3: Proving Sum of Integers and Geometric Sequences 
q Part 4: Proving a Divisibility Property and Inequality 
q Part 5: Proving a Property of a Sequence 
q Part 6: Induction Versus Deduction Thinking

Lecture Notes on Sequences & Mathematical Induction.
Birzeit University, Palestine, 2015
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Induc(on Versus Deduc(on Reasoning 

Deduction Reasoning Induction Reasoning 

We had a quiz each lecture 
in the past months, so we 
will have a quiz next lecture

If my highest mark this 
semester is 82%, then my 
average will not be more than 
82%

If every man is a person and 
Sami is Man, 
then Sami is a Person

For all integers n ≥ 8, n 
cents can be obtained 
using 3¢ and 5¢ coins. 

28
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Induction Versus Deduction Reasoning 

Deduction Reasoning Induction Reasoning 

Based on observation,
past experience, patterns

Based on facts, definitions, , 
theorems,  laws

Moves from specific cases
to create a general rule

Moves from general 
observa;on to specific results

Provides proofs سدح



11/25/18

15

29
O O

More slides
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More Examples of Patterns228 Chapter 4 Sequences and Mathematical Induction

make conjectures, not to prove them. For example, observe that

1 1
2 2

2(1 3(l ) 3

This pattern seems so unlikely to occur by pure chance that it is reasonable to conjecture
(though it is by no means certain) that the pattern holds true in general. In a case like
this, a proof by mathematical induction (which you are asked to write in exercise I at
the end of this section) gets to the essence of why the pattern holds in general. It reveals
the mathematical mechanism that necessitates the truth of each successive case from the
previous one. For instance, in this example observe that if

then by substitution

2 1) (1- I-) . . (1- )k) ( I + 1)

I (I _ I I (k+ I -1 I I k I
k k k+ I k k k+ I k Vk +I k +

Thus mathematical induction makes knowledge of the general pattern a matter of mathe-
matical certainty rather than vague conjecture.

In the remainder of this section we show how to use mathematical induction to prove
additional kinds of statements such as divisibility properties of the integers and inequali-
ties. The basic outlines of the proofs are the same in all cases, but the details of the basis
and inductive steps differ from one to another.

In the example below, mathematical induction is used to establish a divisibility prop-
erty.

Example 4.3.1 Proving a Divisibility Property
Use mathematical induction to prove that for all integers n > 1, 22, - I is divisible by 3.

Solution As in the previous proofs by mathematical induction, you need to identify the
property P(n). In this example, P(n) is

22n 1 I is divisible by 3. | the property (P(n))

By substitution, the statement for the basis step, P(l), is

2 221 1- is divisible by 3. <- basis (P(l))

The supposition for the inductive step, P(k), is

22k 1 I is divisible by 3, inductive hypothesis (P(k))
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22k 1 I is divisible by 3, inductive hypothesis (P(k))
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1 2 3 4 5

Determine the number of points in the 4th and 5th figure

More Examples of Patterns

? ?
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Determine the next 2 terms of the sequences

4, 8, 16, 32, 64 

Induce the formulate that could be used to determine any term 
in the sequence

More Examples of Patterns
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More slides from Students
Student: Ehab, 2016

Not Reviewed or verified 
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Example1

prove the following property:
for all integers n > 1, 1×2 + 2×3 + 3×4 + ... + (n)(n+1) = (n)(n+1)(n+2)

3

basis step : show p(1) is true. P(1): 1x2 = (1)(2)(3)
left-hand side is 1×2 = 2 3
right-hand side is (1)(2)(3) = 2

3
thus p(1) is true
inductive step : Show that for all integers k ≥ 1, if P(k) is true then P(k + 1) is also true: 
suppose that p(k) is true 
p(k) = 1×2 + 2×3 + 3×4 + ... + (k)(k+1) = (k)(k+1)(k+2) ← P(k) inductive hypothesis 

3
p(k+1)= 1×2 + 2×3 + 3×4 + ... + (k)(k+1) + (k+1)((k+1)+1)

= [1×2 + 2×3 + 3×4 + ... + (k)(k+1)] + (k+1)((k+1)+1)
= (k)(k+1)(k+2) +  (k+1) (k+2)

3
= (k)(k+1)(k+2) + 3(k+1)(k+2)

3 3
= (k+1)(k+2)(k+3) = right side

3
Then p(k) works for all n > 1.

[This is what we needed to show.]

1 CALCULUS with Analytic Geometry, Earl W.Swokwski
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Example1

Show that For any integer n > 5, 4n < 2n.

basis step : show P(n = 5) is true.
4n = 4×5 = 20, and 2n = 25 = 32.

Since 20 < 32, thus p(n=5) is true

inductive step :  Show that for all integers k>0 , if p(k) is true then p(pk+1) is true:
suppose p(k) is true for k>5 ← P(k) inductive hypothesis 

p(k+1):    4(k + 1) = 4k + 4, and, by assumption [4k] + 4 < [2k] + 4
Since k > 5, then 4 < 32 < 2k. Then we get

2k + 4 < 2k + 2k=

= 2×2k

= 21×2k

= 2k+1

Then 4(k+1) < 2k+1 ,hence p(k+1) is true[This is what we needed to show.]

1 question taken from this book: CALCULUS with Analytic Geometry, Earl W.Swokwski
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Example1

show that For all n > 1, 8n – 3n is divisible by 5.

basis step : show that p(1) is true
81 – 31 =
= 8 – 3 
= 5 which is clearly divisible by 5.
inductive step : Show that for all integers k>0 , if p(k) is true then p(pk+1) is true:
Suppose p(k) is true ( 8k - 3k   is divisible by 5) ← P(k) inductive hypothesis 

8k+1 – 3k+1 =
= 8k+1 – 3×8k + 3×8k – 3k+1

= 8k(8 – 3) + 3(8k – 3k)
= 8k(5) + 3(8k – 3k)
The first term in 8k(5) + 3(8k – 3k) has 5 as a factor (explicitly), and the second term is divisible   
by 5 (by assumption). Since we can factor a 5 out of both terms, then the entire expression,
8k(5) + 3(8k – 3k) = 8k+1 – 3k+1, must be divisible by 5.

[This is what we needed to show.]

1 question taken from this book: CALCULUS with Analytic Geometry, Earl W.Swokwski
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Example1

1 3 + 2 3 + 3 3 + ... + n 3 = n 2 (n + 1) 2 .show that this equation is true for all integers n >1.
4

Basis step: show that p (1) is true.
Left Side = 1 3 = 1
Right Side = 1 2 (1 + 1) 2 = 1

4 
hence p (1) is true.
Inductive step: Show that for all integers k>0 , if p(k) is true then p(pk+1) is true:
suppose that p (k) is true ← P(k) inductive hypothesis 
1 3 + 2 3 + 3 3 + ... + k 3 + (k + 1) 3

=  k 2 (k + 1) 2 + (k+1) 3

4
= k 2 (k + 1) 2 + 4(k+1) 3

4 4
= (k + 1) 2 [ k 2 + 4 k + 4 ]

4
= (k + 1) 2 [ (k + 2) 2 ] 

4
= right side [This is what we needed to show.]

1 quesQon taken from this book: CALCULUS with AnalyQc Geometry, Earl W.Swokwski
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Example1

Prove that for any integer number n>1 , n 3 + 2 n is divisible by 3

Basis Step: show that p (1) is true. 
Let n = 1 and calculate n 3 + 2n
1 3 + 2(1) = 3
3 is divisible by 3 ,hence p (1) is true.

Inductive Step: Show that for all integers k>0 , if p(k) is true then p(pk+1) is true:
suppose that p (k) is true ← P(k) inductive hypothesis 
(k + 1) 3 + 2 (k + 1)
= k 3 + 3 k 2 + 5 k + 3
= [ k 3 + 2 k] + [3 k 2 + 3 k + 3]
= 3 [ k 3 + 2 k] + 3 [ k 2 + k + 1 ] 
= 3 [[ k 3 + 2 k] + k 2 + k + 1 ]
Hence (k + 1) 3 + 2 (k + 1) is also divisible by 3 and therefore statement P(k + 1) is true.

[This is what we needed to show.]

1 question taken from this book: CALCULUS with Analytic Geometry, Earl W.Swokwski


